We give a precise and general description of gerbes valued in arbitrary crossed module and over an arbitrary differential stack. We do it using only Lie groupoids, hence ordinary differential geometry. We prove the coincidence with the existing notions by comparing our construction with non-Abelian cohomology.
Introduction
Differential gerbes appeared from the very beginning as being classes in some "higher" cohomology [12] . For instance, non-Abelian gerbes correspond to non-Abelian 1-cohomology in the sense of Dedecker [2, 7, 9] . This is also the form under which it appears in theoretical physics [10, 18] . But differential gerbes can also be thought of as being a certain class of bundles over a differential stack, and, to quote [4] , "there is a dictionnary between differential stacks and Lie groupoids". The purpose of the present article is to add one entry to that dictionary, namely to define with great care, in terms of Lie groupoids and for all crossed module G → H, the notion of G → H-gerbes and to justify that definition by showing the coincidence of the notion introduced with non-Abelian 1-cohomology.
There are, of course, several other manners to define non-Abelian gerbes, and to state their properties. In a recent work [16] these numerous definitions have been carefully enumerated and shown, in a rigorous manner, to coincide. More precisely, the authors of [16] have merged four definitions of smooth Γ-gerbes, with Γ a strict 2-groups (notice that strict 2-groups are indeed in one-to-one correspondence with crossed module):
1. smooth Γ-valued 1-cocycles (for which they refer to [7] , but which matches by construction the definition in terms of non-Abelian cohomology in the sense of [9] just mentioned), see also [1] .
2. classifying maps valued in the realization BΓ of the simplicial tower of Γ, 3. bundle gerbes in the sense of [17] , 4 . principal Γ-bundles in the sense of Bartels [3] , the idea being to generalize the notion of principal bundle from Lie groups to Lie (strict) 2-groups. This point of view was also used in [11] , and we will relate our construction to their construction in due time.
But, as mentioned in [16] , example 3.8, there is in the particular case of G → Aut(G)-gerbes over manifolds a fifth equivalent definition which is in terms of Lie groupoid extensions. We can restate our purpose by saying that it consists in giving this fifth description in the general setting of arbitrary crossed module (and not only G → Aut(G)). Also, we give a definition that makes sense when the base space is not a manifold but an arbitrary differential stack, reaching therefore the same level of generality as [11] (we simply claim to be slightly more precise about the problem of identifications of a priori different extensions defining the same gerbe).
Although the four approaches just mentioned can be remarkably effective in the sense that the objects have short, simple and workable definitions, it always requires a deep familiarity with category theory (or even toposes and higher categories) making them hardly accessible for a mathematician not used to these techniques. Our manner is maybe more difficult in the sense that the objects are always defined as classes of -oids up to Morita equivalences, which sometimes yield long definition, and forces us to check that properties are Morita invariant, but it is certainly simpler in the sense that it uses the ordinary language of differential geometry (manifolds, -oids, maybe Čech cocycles) from the beginning to the end. We can not claim that we avoid all categorical language, since groupoids are categories, but we use comparatively much less involved categorical tools.
The present work is also in the continuation of [4] (where S 1 -gerbes over a differential stack are extensively studied using this Lie groupoid point of view), of [13] (where the case of non-AbelianG → Aut(G)-gerbes over Lie groupoids is investigated, but the correspondence with non-Abelian 1-cocycles is not dealt with very precisely, and of [6] , (where the previous construction is investigated in detail for G-gerbes and extended to connections). Our work is definitively in the same line of those, but there are important differences that we now outline. Abelian gerbes in the sense of [4] (resp. G-gerbes in the sense of [13] ) corresponds to the case where the crossed modules in which the gerbe takes values is S 1 → pt (resp. G → Aut(G)), so that our work generalizes both. Second, we made more precise in the present article the notion of gerbes over an object (manifold, Lie groupoid, or differential stack). This means that, unlike [13] , we do not simply define gerbes as being G-extensions up to Morita equivalence, and this is for two reasons:
1. first, as already stated, we wish to make precise over what object our gerbe is, which means that we only allow ourself to take Lie groupoid extensions X → Y where the "small" Lie groupoid Y is itself "over" a given object B (manifold or Lie groupoid or differential stack). By "over", we mean that "Y" is obtained by taking a pull-back of B. Also, Morita equivalence should be taken in such a way that the base manifold or groupoid is not "changed". This last issue is easily understandable, and always appear in differential geometry: the space of principal bundles over a manifold M , in a similar fashion, is not obtained by considering all possible principal bundles P → M modulo principle bundles isomorphisms, but modulo principal bundles isomorphisms over the identity of M .
2. second, when taking an arbitrary crossed module G → H, Lie groupoid extensions are not enough. By spelling out the manifold case, and knowing that we wish to have a correspondence with crossed module valued non-Abelian 1-cocyle, we arrived at the conclusion that we need to consider a Lie groupoid G-extension together with a principal H-bundle. These two structures are not independent, and, having in mind the manifold case again, one sees that we need this principle bundle to be equipped with a principal bundle morphism taking values in the band of the Lie groupoid extension, map on which still two constraints have to be imposed.
The paper is organized as follows. In section 2, we recall from [13] the notion of Gextensions of Lie groupoids, i.e. a surjective submersion morphism of Lie groupoids over the same base R φ → G, for which the kernel is a locally trivial bundle of groups with typical fiber G. We then recall, following [13] , the notion of the band of the G-extension, which is some principal bundle over the Lie groupoid R. We then define G → H-extensions, namely G-extensions R φ → G endowed with some principal H-bundle which admits the band as a quotient, see definition 2.5 for a more precise description.
We then recall the definition of Dedecker's non-Abelian 1-cocyle (resp. non-Abelian 1-coboundaries, non-Abelian 1-cohomology) on an open cover of a given manifold N and describe a dictionary between these objects and G → H-extensions. More precisely, we define, given an open cover of a manifold, a subclass of G → H-extensions called adapted G → H-extensions of the Čech groupoid, and we show the following points, given an open cover U on the manifold N :
• Proposition 2.14, There is a one-to-one correspondence between:
• Proposition 2.17, There is a one-to-one correspondence between:
• Theorem 2.18, There is a one-to-one correspondence between:
up to Morita equivalence over the identity.
(iii) (assuming the covering to be a good one) isomorphism classes of G → Hextensions of the Čech groupoid N [U ] up to isomorphisms over the identity of
The first purpose of section 3 is to show that our constructions are independent from the choice of an open cover and to reach therefore G → H-valued non-Abelian 1-cohomology in its full generality. This requires to define the notion of Morita equivalence of G → Hextensions, which, in turn, allows to complete the previous isomorphisms to eventually obtain the one we are really interested in:
• Theorem 3.12, There is a one-to-one correspondence between:
(ii) G → H-extensions of a pull-back of the groupoid N ⇒ N up to Morita equivalence over the identity of N .
The point of this last theorem gives a clear hint of what a G → H-gerbe over a given Lie-groupoid B should be, namely the G → H-extensions of a pull-back of the groupoid B up to Morita equivalence over the identity of B. The last theorem of the present article says that Morita equivalent Lie groupoids B and B ′ have the same G → H-gerbe over them, making sense therefore of the notion of G → H-gerbes over a differential stack.
with the understanding that h(g), for every h ∈ H, g ∈ G is a shorthand for (h)(g).
Notice that here we consider that the action of H on G to be a left-action, which is not the usual convention, but is necessary to recover the formulas of the G → Aut(G) case as they are stated in [13, 6] . In order to avoid an easily done confusion between elements in G and in H, we shall denote by bold letters, g, g ′ elements of G, and in ordinary letters h, h ′ elements in H. Also, bold letters shall be used for G-valued functions. Last, it is customary to denote a cross-module by G ρ → H, forgetting to make explicit the morphism .
Notations related to open covers on manifolds. For U = (U i ) i∈I an open cover on a manifold N , we use the shorthand U ij = U i ∩U j for all i, j ∈ I, and introduce the convenient notation
for all n ∈ N and all i 1 , . . . , i n ∈ I. We warn the reader that U ij is not equal to U ji for i = j, and, more generally, U i 1 ...in is not equal U i σ(1) ...i σ(n) (for σ ∈ Σ n a permutation, and i 1 , . . . , i n distinct).
An extremely common notation in the literature dealing with gerbes is to denote by x i (resp. x ij , x ijk ) an element x ∈ M that happens to belong to some open subset U i (resp. U ij , U ijk ), when it is seen as an element in U i (resp. U ij , U ijk ). We extend this convention for all kind of objects: for instance, for a function λ whose domain of definition is i 1 ,...,in∈I U i 1 ...in , we write λ i 1 ...in for its restriction to U i 1 ...in .
Lie groupoids : notations and basic facts. Given M, N, P smooth manifolds and f : M → P , g : N → P smooth maps, we define the fibered product to be the closed subset of M × N made of all pairs (m, n) with f (m) = g(n), and we denote it by M × f,P,g N in general, and sometimes by M × P N when there is no risk of confusion. The following is extremely classical :
Let M, N, P be smooth manifolds. If at least one of the smooth maps f : M → P or g : N → P is a surjective submersion, then the set M × f,P,g N is a smooth manifold.
We refer to [15] for the definition of Lie groupoids, but we wish to clarify some notations. When introducing a Lie groupoid, we shall in general simply mention the names of the manifolds of objects and the manifolds of arrows, using the notation Γ ⇒ M . Indeed, the source, target and unit maps for all Lie groupoids Γ ⇒ M shall be denoted by the same letters s, t and ǫ respectively. In general, the product shall be either denoted by a fat dot • or simply skipped, and the exponent −1 shall be used for the inverse map. However, at some point, we shall have to consider pairs of manifolds that admit several different Lie groupoid structures, that, fortunately, have the same source, target and unit maps. We will then introduce a notation for the product (and inverse) that will distinguish them. Last, our convention is that the product x • x ′ of two elements x, x ′ in a Lie groupoid is defined when t(x) = s(x ′ ).
A left-action of Lie groupoid B ⇒ B 0 on a manifold X with respect to a surjective sub-
and subject to the following axioms, analogous to those of group actions:
for all admissible a, b ∈ B and x ∈ X. We shall often say action for left-action for the sake of simplicity. Since we may have to deal with situations where there are more than one Lie groupoid or more than one manifold involved, it will be convenient to write an action by b • B,X x, mentioning therefore in the notation itself which groupoid acts and which manifold is acted upon.
To ensure a self-contained exposition, we recall the definition of the pull-back of a Lie groupoid. Notice first that, for a given manifold B, Lie groupoids over B form a category, with morphisms being Lie groupoid morphisms over the identity of B. Similarly, topological groupoids over a given manifold form a category. 
, where ε is the unit map of the Lie groupoid G ⇒ B. Last, the multiplication and the inverse are given by:
for all x, y, z ∈ M and γ, γ ′ ∈ G.
2. (On arrows) Given φ : G → G ′ be a Lie groupoid homomorphism over the identity of B, we set
The topological groupoid G[p] ⇒ M is called the pull-back of G ⇒ B with respect to p : M → B, or simply the pull-back groupoid when there is no risk of confusion.
Given a covering U = (U i ) i∈I of a manifold N , the Čech groupoid is the pull-back of the trivial groupoid N ⇒ N with respect to the map i∈I U i → M given by x i → x for all x ∈ U i (see notations above). Let us give an explicit description of it: the Čech groupoid is, explicitly, the Lie groupoid i,j∈J U ij ⇒ i∈I U i with source s(x ij ) := x i , target t(x ij ) := x j , product x ij • x jk := x ik , the unit map ǫ(x i ) := x ii and inverse x −1 ij := x ji . In general, we shall simply denote the Čech groupoid by
Lie groupoids G → H-extensions
Let G → H be a crossed module of finite dimensional Lie groups. The purpose of this section is to give a complete description, purely in terms of Lie groupoids, of G → H-gerbes over a given stack, and to check that, when the stack in question is simply a manifold N , our notion gives back an already known description [7, 2, 9] in terms of non-Abelian cohomology.
Definition of Lie groupoid G → H-extension
In [6] - [13] gerbes are described as Lie groupoids extensions (up to Morita equivalence of those). But this description mainly covers the case of the so-called G-gerbes, i.e. gerbes valued in the crossed module G → Aut(G). In order to describe, in purely Lie groupoid terms, G → H-gerbes, one needs to go further and to work with G-extensions endowed with some principal H-bundle structure (up to Morita equivalence of those).
We first wish to introduce Lie groupoid extensions.
Definition 2.1. [13] A Lie groupoid extension is a triple (R, G, ϕ), denoted by R ϕ → G (or simply by R → G, when there is no risk of confusion), where R ⇒ M and G ⇒ M are Lie groupoids over the (same) manifold M and the map ϕ : R → G is a groupoid morphism over the identity of M such that ϕ is surjective submersion.
The kernel of a Lie groupoid extension R ϕ → G is, by definition, the inverse image through ϕ of the unit manifold of G, i.e. the set
Since ϕ is a surjective submersion, the kernel is a submanifold of R. Also, since ϕ is a groupoid homomorphism over the identity of M , K is indeed a bundle of Lie groups (i.e. it is a Lie groupoid whose source and target maps coincide). Notice that K is normal in R in the sense that r −1 • R k • R r ∈ K for all admissible k ∈ K, r ∈ R. The previous assignment defines indeed a Lie groupoid action of R on K → M , action that we shall denote by • R,K .
Definition 2.2.
[13] Let G be a Lie group. A Lie groupoid extension R ϕ → G is called a Lie groupoid G-extension if its kernel K is locally trivial with typical fiber G,i.e. if every point x ∈ M (M being the base manifold of both R and G) admits a neighborhood U such that
To a Lie groupoid G-extension R ϕ → G, we now associate a principal Aut(G)-bundle over the groupoid R ⇒ M , called the band of the extension. We first recall the notion of principal H-bundle over a Lie groupoid. See [14] for instance. 
We also define morphisms between two principal bundles w.r.t.different groups over different Lie groupoids, as follow.
, where Φ : R → R ′ is an morphism of Lie groupoids Ψ : P → P ′ is diffeomorphism and  : H → H ′ be a Lie group morphism, such that:
for all pair (γ, p) ∈ R × t,M,π P and all h ∈ H. When the Lie groupoids R ⇒ M and R ′ ⇒ M ′ are identically, the same Lie groupoid and the map Φ is identity, then the morphism (Φ, Ψ, ) is called morphism over the identity of R ⇒ M and simply denoted by pair (Ψ, ).
The band [12, 7] is, in general, defined for gerbe itself, but [13] introduced a notion of band for Lie groupoid G-extensions that boils down to the band of gerbes. Let G be a Lie group. Then band of a given G-extension R ϕ → G, by construction, is the set of all Lie group morphisms from G to some fiber of its kernel. More precisely, let G be a Lie group and R ϕ → G be a G-extension, we set
to be the set of all possible Lie group isomorphisms from G to fiber K m , for some m ∈ M , where
1. Band(R → G) admits a natural manifold structure, for which the projection on M is a smooth surjective submersion. We let Band m (R → G) stand for the fiber over m ∈ M .
2. Aut(G) acts (on the right) freely and transitively on the fibers of Band(R → G) as follows:
All these items together imply that for a given Lie group G and a G-extension R → G, 
For all r ∈ R with t(r) = m, b m ∈ isom(G, K m ).
We now have all the tools required for defining the type of extension whose (to be defined in section 3) quotients shall define G → H-gerbes.
, where:
such that, for all p ∈ P, g ∈ G:
it makes therefore sense to let it act on p ∈ P ).
It shall be convenient to draw the following diagram in order to represent G → Hextensions. Below, it shall be understood that an arrow of the type R ? _ ❴ ❴ ❴ P means that the groupoid R acts on P .
we mean an isomorphism (Φ, Ψ, id H ) of principal bundle over Lie groupoids (see definition 2.4) such that the following diagram commutes:
For the sake of simplicity we suppress id H and use the notation (Φ, Ψ) for such an isomorphism. Example 2.6. When the crossed module is simply {1} → H, then G → H-extensions are nothing than principal H-bundles over Lie groupoids, and isomorphisms of G → Hextensions amount to isomorphisms of those.
is an isomorphism of principal bundles over the identity of R ⇒ M . In conclusion, the assignment of (5) induces a one-to-one correspondence between G → Aut(G)-extensions and G-extensions. This correspondence is an equivalence of categories, for isomorphisms of G → Aut(G)-extension amount to isomorphisms of the corresponding G-extension.
Remark 2.8. The referee pointed to us the next point, relating our construction with [11] . As recalled in [11] , crossed module of Lie groups G ρ → H can be seen as a Lie 2-group. To say it briefly, the 2-arrows are all triples (h 1 , g, h 2 ) ∈ H × G × H subjects to the constraint
The horizontal and vertical products are given by:
There is a natural 2-groupoid with 2-arrows the set R × G R of all pairs of elements in R projecting over the same element of G: the horizontal and vertical products . V and . H being given in the obvious manner:
(r 1 , r 2 ). V (r 2 , r 3 ) = (r 1 , r 3 ) and (r 1 , r 2 ). H (r 3 , r 4 ) = (r 1 r 3 , r 2 r 4 ).
Assume that there exists a section σ : M → P of the projection π : P → M . A natural identification of the kernel K with G × M is induced: more precisely, χ • σ is, at all point m ∈ M , a Lie group isomorphism between K m and G. Since r • σ(t(r)) and σ(s(r)) are in same fiber of π :
where · stands for the action of Lie group H on the manifold P , is well-defined. A direct verification shows that sending a pair (r 1 , r 2 ) of elements in R× G R to the triple (ψ(r 1 ),
2 ), ψ(r 2 )) ∈ H × G × H, one obtains a morphism of Lie 2-groupoid. As a consequence, for every
, a morphism of 2-groupoid from R × G R to the crossed module can be constructed. Now, it happens that R × G R is Morita equivalent, in a sense defined in [11] , to G, so that for every [11] can be defined.
This construction can be done backward, but there is a delicate point. A 2-group bundle in the sense of [11] over a Lie groupoid G will not induce in general a G → H-extension of G, but a G → H-extension of a Lie groupoid G ′ which is a pull-back of G.
The manifold case: G → H-valued non-abelian cocycles as G → Hextensions over Lie groupoid
Throughout the present section, we shall fix an open covering U = (U i ) i∈I of a manifold N .
Our purpose is to show that G → H-extensions of the Čech groupoid N [U ] correspond to G → H-valued non-Abelian 1-cohomology, computed with respect to U . We first recall the notion of non-Abelian 1-cocycles [9, 7] , as introduced by Dedecker. Then, we show that these are in one-to-one correspondence with (a certain set of) G → H-extensions of the Čech groupoid N [U ]. Proving that G → H-coboundaries correspond to isomorphisms of these extensions shall then yield to the desired conclusion.
on which we impose the following constraints:
1. R is the space G × i,j∈I U ij and ϕ is the projection onto the second component, 2. P is the space i∈I U i × H, equipped with the trivial right H-action
, where we have used the same notation for 4. the Lie groupoid product
Items 1 and 4 of the definition imply that the kernel of an adapted Lie groupoid G → Hextension of the Čech groupoid N [U ] is the trivial bundle of group:
is canonically isomorphic to Aut(G)× i∈I U i . For a given manifold N , a given open covering U and a given crossed module G → H, adapted Lie groupoid G → H-extensions of the same Čech groupoid N [U ] may only differ by two things, namely the Lie groupoid product on R = G × i,j∈I U ij and the action of • refers to the multiplication of the Lie groupoid R := G × i,j∈I U ij and ⋆ refers to the action of R := G × i,j∈I U ij on the principal bundle P := i∈I U i × G.
Remark 2.11. For an adapted Lie groupoid
. We prove it as follows. First notice that:
by axioms of crossed module.
On the other hand:
The result follows by substituting h(g) by g in the previous relations.
We now recall from [9] the notion of non-Abelian 1-cocycles valued in an arbitrary crossed module G → H. We use the notation e for the neutral element of both Lie groups G, H.
Definition 2.12. Let G ρ → H be a crossed module, and U = (U i ) i∈I an open covering of a manifold N . A non-Abelian 1-cocycle w.r.t. U with values in G → H is a pair (λ, g) ∈ C ∞ ( i,j∈I U ij , H) × C ∞ ( i,j,k∈J U ijk , G) required to satisfy the following conditions:
for all possible indices (here λ ij (resp.g ijk ) stands for the restriction of λ (resp. g ) to U ij (resp.U ijk )).
Remark 2.13. Note that the first relation in (8) , when i = j, implies that λ ii = e, for all i ∈ I.
We now prove the desired correspondence which generalizes [6] 
is part of the crossed module structure, see section 1.1).
Proposition 2.14. Let U = (U i ) i∈I be an open covering of a manifold N , and G → H a crossed module of Lie groups.
Then (λ , g) is a non-Abelian 1-cocycle.
2. Given a non-Abelian 1-cocycle (λ, g), we define:
(a) a Lie groupoid structure
for all g, g ′ ∈ G, i, j ∈ I, x ∈ U ij , where λ ij (g ′ ) is a short hand notation for
3. the procedures in items 1 and 2 are inverse to each other.
The proof will go through a lemma.
. Define the maps λ ij : U ij → H and g ijk : U ijk → G as in (9) . Then the following relation holds for all i, j ∈ I, g ∈ G and x ∈ U ij :
Proof. First observe that for all i, j ∈ I, g ∈ G and x ∈ U ij we have
On the other hand,
for all i, j ∈ I, g ∈ G and x ∈ U ij . Multiplying on the right of both sides of the last two relations by (e, x ij ) and using item 4 in definition 2.9 yield the desired relation.
Proof. (of proposition 2.14).1 ) We first prove that the maps defined in item 1 form a nonAbelian 1-cocycle. The relation g ijj = e is obtained by putting j = k in the second relation of (9) . By definition of groupoid action, we have
for all indices i, j, k and all x ∈ U ijk . The LHS of (12) gives:
while the RHS of (12) gives:
RHS of (12) = (e, x ij ) ⋆ (x j , λ jk ) by (9), i.e. def. of λ jk = (e, x ij ) ⋆ (x j , e)λ jk by def. 2.9, item 2,
by (9), i.e. def. 2.9, item 2
Comparing these relations, we obtain the first condition of (8) . To show that the henceforth constructed families (λ ij ) i,j∈I and (g ijk ) i,j,k∈I satisfy the second condition of (8), we write the associativity condition of the Lie groupoid multiplication of R as follows:
for all indices i, j, k, l ∈ I and x ∈ U ijkl . The LHS of (13) amounts to: x ik ) • (e, x kl )) (by associativity of the gpd product)
by definition 2.9, item 4 while the RHS of (13) gives
by definition 2.9, item 4
Comparing these relations, we obtain the second condition of (8), which completes the proof of the first item.
2 We need to check that the multiplication • defined in (10) is a Lie groupoid multiplication. We first prove the associativity: For all i, j, k ∈ I, x ∈ U ijkl , g, g ′ , g ′′ ∈ G, we compute:
by crossed modules axioms
It is routine to check that the henceforth defined multiplication admits as its source map s (resp. its target map t) the map (g, x ij ) → x i (resp x j ). Also, this multiplication admits the map ǫ : i∈I U i → R given by x i → (e, x ii ) as its unit map, and its inverse given as in (10) . Altogether, these structural maps endow R with a structure of Lie groupoids, and eventually turn R φ → i∈I U ij into a Lie groupoid G-extension. It is also routine to check that (11) gives a structure of principal H-bundle over the Lie groupoid R ⇒ i∈I U i . In order to check that
is a G → H-extension, we are left with the task of showing that (χ, ) is a morphism of principal bundles over the identity of R. One condition is obvious:
while the following proves that p · ρ(g) = χ(p)(g) ⋆ p for all p ∈ P, g ∈ G, hence proves the claim:
Now items 1-3 of definition 2.9 hold by construction and item 4 holds because g iij is assumed to be equal to the neutral element e of G in definition 2.12. This completes the proof of the second item.
3 ) Next, we prove that items 1 and 2 in the proposition yield constructions which are inverse one to the other. For this purpose, we first notice that (10) and (11) hold for any adapted Lie groupoid G → H-extension, hence the construction of item 2 is injective. Assume that we are given a G → H-valued non-Abelian 1-cocycle (λ ij , g ijk ) i,j,k∈I , then applying the procedure in item 2 we obtain an adapted Lie groupoid G → H-extension, to which we apply the construction in item 1 to yield a G → H-valued non-Abelian 1-cocycle (λ ′ ij , g ′ ijk ) i,j,k∈I . We need to show that these two non-Abelian 1-cocycles are equal. For this, observe that, by construction in item 2, we have (x i , λ ′ ij ) = (e, x ij ) ⋆ (x j , e) while it follows from item 1 that (e, x ij ) ⋆ (x j , e) = (x i , ρ(e)λ ij e). These two relations together prove that λ ij = λ ′ ij for all i, j ∈ I. A similar argument proves that g ijk = g ′ ijk , hence the claim. This implies that if two adapted Lie groupoid G → H-extensions of the Čech groupoid have the same G → H-valued non-Abelian 1-cocycles associated with, they are equal. This proves the claim.
Having made explicit a one-to-one correspondence between adapted G → H-extensions and non-Abelian 1-cocycles, we now prove that, under this correspondence, isomorphisms of adapted G → H-extensions correspond to non-Abelian coboundaries, a notion that we now introduce, following [7] , [9] . Definition 2.16. Let U = (U i ) i∈I be an open covering of a manifold N and G → H be a crossed module of Lie groups.
for all possible indices. We recall that r i , v ij stand for the restriction of non-Abelian 1-coboundary (r, v) to the intersection U ij .
The next proposition relates coboundaries and isomorphisms of adapted extensions which generalizes the results of [6] to arbitrary crossed modules.
. Let (λ, g) and (λ ′ , g ′ ) be the G → H-valued non-Abelian 1-cocycles w.r.t. U associated with the adapted Lie groupoid G → H-extensions (U , •, ⋆) and (U , • ′ , ⋆ ′ ), respectively (as in proposition 2.14). Then, the following construction defines a one-to-one correspondence between the set of isomorphisms of Lie groupoid
, and the set of G → H-valued 1-coboundaries relating (λ, g) and (λ ′ , g ′ ):
, we define r i : U i → H and v ij : U ij → G by:
and (U , • ′ , ⋆ ′ ) as follows:
and
Proof. 1) First we prove that given an isomorphism of Lie groupoid G → H-extensions (Φ R , Φ P ) between the adapted Lie groupoid G → H-extensions (U , •, ⋆) and (U , • ′ , ⋆ ′ ), by following the construction in item 1 we obtain a G → H-valued 1-coboundary. For this we need to prove that the pair (r, v) obtained as in (15) satisfy relations (14) . We first prove the first of those relations, by exploiting the fact that (Φ R , Φ P , id H ) is a morphism of principal bundles over Lie groupoids (see Definition 2.4), which amounts to:
The LHS of (18) is given by
by definition 2.9, item 2.
While the RHS of (18) is given by
by (15) ij , x ii ) • ′ (e, x ij )) ⋆ ′ (x j , e) · r j by def. 2.9 item 2 and 4
Comparing the LHS and RHS of (18), we get
which is the first relation of (14) . Before proving the second relation of (14), we need to explore the consequences of the commutativity of the diagram displayed in (4). It follows from item 3 in definition 2.9 that χ((x i , e)) is the element in the band given by χ((x i , e))(g) = (g, x ii ), so that Φ R (χ((x i , e))) is by definition the element of the band given by g → Φ R ((g, x ii ) ). Now, Φ P ((x i , e)) = (r i , e) by (15), i.e. definition of r i , so that χ ′ (Φ P ((x i , e))) is the element of the band given by g → (r i (g), x ii ), by item (3) of definition of adapted extensions again. The commutativity of diagram (4) can therefore be expressed by meaning that the next relation holds for all g ∈ G:
Exploiting the assumption that Φ R is a Lie groupoid morphism, we can derive a more general formula as follows
by definition 2.9 item 4.
Now, we derive the second of the relations (14) by comparing the left and right hand sides of a relation following from the assumption that Φ R be a Lie groupoid morphism:
a computation that goes as follows:
while the RHS of (21) is:
by (15), i.e. def. of v ij and v jk
Comparing the LHS and the RHS of (21) leads to
which is precisely the second relation of (14), and completes the proof of the first item.
2) Second, we prove that given a G → H-valued 1-coboundary, by following the construction in item 2, we get an isomorphism of adapted Lie groupoid G → H-extensions. In order to show that the triple (Φ R , Φ P , Id H ) with Φ R , Φ P as in (16) and (17), is an isomorphism of Lie groupoid G → H-extensions, we need to check that (see Notation 2.10) (a) Φ R : R → R ′ is a morphism of Lie groupoids, (b) Φ P : P → P ′ is a morphism of principal bundles over Lie groupoids, (c) the following diagram commutes:
withΦ R being defined as in (4) We first check that condition (a) holds, i.e that Φ R (r • r ′ ) = Φ R (r) • ′ Φ R (r ′ ) for arbitrary elements of the form r = (g, x ij ) ∈ R and r ′ = (g ′ , x jk ) ∈ R. On the one hand:
ik , x ik ) by (16), i.e. definition of Φ R , while on the other hand: (10) in prop. 2.14. Of course, Φ R is a Lie groupoid isomorphism if and only if both sides of the previous relations are equal for all g, g ′ ∈ G, i.e. if and only if
which reduces, multiplying both sides by r i (g −1 ), to require that, for all g ′ ∈ G:
or, equivalently:
By the second relation in (14) , r i (g ijk )v
so that, eventually, Φ R is a Lie groupoid isomorphism if and only if for all
By axiom of crossed module the RHS of (23) is equal to ρ(v
so that eventually Φ R is a Lie groupoid isomorphism if and only if
an equation which is obtained by applying  : H → Aut(G) to the first relation in (14) , and is therefore true, here • refers to the composition low of Aut(G), Hence, Φ R is a Lie groupoid isomorphism.
We wish now to check that condition (b) holds, i.e that Φ P (r ⋆ p) = Φ R (r) ⋆ ′ Φ P (p) for arbitrary elements r = (g, x ij ) ∈ R and p = (x i , h) ∈ P . On the one hand, we compute:
by (10) in prop. 2.14 = (x i , r i ρ(g)λ ij h) by (17) , i.e. definition of Φ P ,
while on the other hand, we compute:
Equations (24) and (24), together with ρ(r i (g)v (14)), imply that:
which completes the proof of (b). Condition (c) is a direct computation.
Last, we have to check that both constructions in item 1 and item 2 are inverse one to the other. It is easy to see that, applying the construction of item 2 and then the construction of item 1 to a
isomorphisms of G → H-extensions which correspond to the same coboundary (r i , v ij ) need to be equal. This follows from (20), which clearly implies that Φ R = Φ ′ R , and from (15), which implies that Φ P and Φ P ′ coincide on every element in P of the form (x i , e), and are therefore equal since principal bundle morphisms that coincide on some global section coincide globally. This completes the proof. The notion of adapted extension may appear to be somewhat arbitrary. We wish to convince the reader that it is not, by showing the next proposition. 
Since i∈I U i is a disjoint union of contractible sets (since U ij is by assumption contractible for all i, j ∈ I, so is U i = U ii ), there exists a global section σ of the principal H-bundle P → i∈I U i .
is by assumption a morphism of principal bundles over the identity of i∈I U i , the mapσ := χ • σ is a global section of the principal Aut(G)-
. In turn, a global section of the band amounts to a global trivialization of the kernel K → i∈I U i , by considering the group bundle isomorphism τ K : G × i∈I U i ≃ K given by (g, x i ) →σ(x i )(g). Since, by construction,σ(x i ) belongs to Band x i = Aut(G, K x i ), it is clear that τ K is, as expected, a group bundle isomorphism over the identity of i∈I U ii . Now, the surjective submersion φ : R → i,j∈I U ij restricts to a surjective submersion from R\K to i =j U ij , and the fibers of this submersion are acted upon transitively and freely by K. Using τ K , we endow
with a structure of principal G-bundle as follows: the outcome of the action of g ∈ G on r ∈ R\K is defined to be τ K (g, s(r)) • R r. Every principal bundle over a disjoint union of contractible open sets is trivial, which means, in this case, that there is a global section
for all i, j ∈ I, i = j. By construction, τ R\K is a group bundle morphism over the identity of i =j U ij . Gluing τ K and τ R\K , we get a map (over the identity of i,j∈I U ij ) that we denote by τ : G × i,j∈I U ij → R, namely:
The section σ of P → i∈I U i also, induces a map Ψ P : i∈I U i × H ≃ P given by:
With the help of this pair of maps Ψ P and τ , the structure of G → H-extensions on
Explicitly the induced Lie groupoid structure on G × i,j∈I U ij ⇒ i∈I U i is given by :
for all g, g ′ ∈ G, i, j, k ∈ I, x ∈ U ijk , the induced action of Lie groupoid G × i,j∈I U ij ⇒ i∈I U i on i∈I U i × H is given by: h) ), for all g ∈ G, h ∈ Hi, j ∈ I, x ∈ U ij and the induced principal bundle structure on i∈I U i × H → i U i over the Lie groupoid G × i,j∈I U ij ⇒ i,j∈I U ij is given by:
for all h, h ′ ∈ Hi ∈ I, x ∈ U i . Last we define χ ′ :
for all h ∈ Hi ∈ I, x ∈ U i . We claim that:
the Lie groupoid G → H-extension Ext 2 is isomorphic to the Lie groupoid
3. the Lie groupoid G → H-extension Ext 2 is an adapted Lie groupoid G → Hextension.
These claims complete the proof of the proposition. For the proof of claim 1), it is enough to check that (
which goes as follows:
by def of Ψ
For the proof of claim 2), since Ψ P is a morphisms of principal bundles and τ is a morphism of Lie groupoids, it is enough to prove that the following diagram commutes:
In turn, the commutativity of this diagram is proved by the following computations:
since χ is a morphism of ppal bundles
Last we prove the claim 3). For this, it is enough to check that the axiom 4 in definition 2.9 holds, while the other axioms in definition 2.9 hold by construction. We show that
for all x ∈ N, i, j ∈ I, g, g ′ ∈ G. This goes as follows:
LHS of (28)
by def of
by def of τ = RHS of (28).
We can now state the conclusion of this section, which follows immediately from proposition 2.19 and corollary 2.18. Theorem 2.20. Let U = (U i ) i∈I be an open covering of a manifold N such that U ij is a contractible open set for all i, j ∈ I and G → H be a crossed module of Lie groups. Then, there is a one-to-one correspondence between
Proof. The equivalence between (i) and (ii) was already stated in corollary 2.18. The equivalence between (iii) and (ii) comes from proposition 2.19 which states that every Lie groupoid G → H-extension of N [U ] is isomorphic to an adapted one, of course, a given extension can be isomorphic (as Lie groupoid G → H-extensions of N [U ]) to two different adapted G → H-extensions, but both adapted extensions are then isomorphic (as Lie groupoid G → H-extensions of N [U ]), so that the assignment from (iii) to (ii) is well-defined. This concludes the proof of the theorem.
3 Morita equivalence of Lie groupoid G → H-extensions, and G → H-gerbes on groupoids.
Let G → H be a crossed module. We intend in this section to define, purely in terms of Lie groupoids, the notion of G → H-gerbes over a given Lie groupoid B ⇒ B 0 , having in mind the case where B ⇒ B 0 is the trivial Lie groupoid N ⇒ N associated to a manifold N . In view of the preceding section, it is reasonable to consider all the G → Hextensions of all the possible pull-back of B ⇒ B 0 with respect to surjective submersions. For instance, when B ⇒ B 0 is of the form N ⇒ N , with N a manifold, this includes all the G → H-extensions of the Čech groupoids associated to an arbitrary open cover of N (because the Čech groupoid N [U ] ⇒ i∈I U i is the pull-back groupoid of N ⇒ N with respect to the natural inclusion maps ı : i∈I U i → N ). But of course, we shall later have to take a quotient of that class, which is way too large. We do it by identifying two G → H-extensions which are Morita equivalent in some sense described below.
Following several comments from the referee, we would like to say a few words about the link between the present work and an article by Ginot and Stiénon [11] . As mentioned in Remark 2.8, there is a clear relation between G → H-extensions and G → H-bundles in their sense, and we have no doubt that we could have completed the purpose of this section by using their language. There were two reasons not to do so. First, we wanted not to use Lie 2-groupoids, a self-imposed limitation that can criticized, of course, but we feel that Lie 2-groupoids would be a too demanding notion for some mathematicians willing to study non-Abelian gerbes. Second, one of our concern was to address the problem of knowing when two extensions should be identified. We do not want to identify, in the case of the crossed-module 1 → H, case for which extensions are simply H-principal bundles (see example 2.6), a principal bundle and its pull-back through a diffeomorphism of the base.
To overcome this difficulty, we introduced the notion of G → H-extensions over a given Lie groupoid that shall appear below together with the appropriate Morita equivalences. Of course, we have no doubt that the point of view of [11] could also be adapted in order to make these identifications precise, but this does not appear to us to be that trivial. However, we acknowledge that the point of view of G → H-principal bundles is also an efficient tool, and, in a subsequent work, we hope to make the relation more precise.
Definition of Morita equivalence of G → H-extensions and G → Hgerbes
Let us first define what the pull-back of a G → H-extension is.
Given a Lie groupoid extension R φ → G ⇒ M and a surjective submersion p : M ′ → M , the functor of definition 1.2 applied to R φ → G yields a Lie groupoid extension
It is routine to check that R[p] Having defined the pull-back of Lie groupoid extensions, we wish to define the pull-back of Lie groupoids G → H-extensions. This shall require to go through some technical considerations about the pull-back of the kernel and pull-back of the band of a Lie groupoid G-extension. There is a clear notion of pull-back for both group bundles (resp. principal bundles): to say it in one word, given a group bundle (resp. principal bundle) P π → M , and a smooth map p : M ′ → M , then the fibered product P × π,M,p M ′ endows a natural structure of group bundle (resp. principal bundle). To a Lie groupoid extension, we have associated in section 2.1 a bundle of group, called the kernel, also starting with a G-extension, we have constructed an Aut(G)-principal bundle, called the band. The next proposition claims that these two constructions behave well with respect to pull-back. The same holds true when the map p is a generalized surjective submersion.
Proof. The kernel of the Lie groupoid extension R[p] In particular, the fiber K[p] n of the kernel K[p] over a given point n ∈ M ′ is isomorphic to K p(n) , more generally, if K is locally trivial with typical fiber G, so is its pull-back
. This means precisely that the pull-back of a Lie groupoid G-extension is again a Lie groupoid G-extension. This proves the second item.
The identification between K ′ the pull back of the kernel of the Lie groupoid extension We are now able to define clearly the notion of pull-back of a G → H-extension (R → G, P → M, χ). Let p : M ′ → M be a (maybe generalized) surjective submersion. According to the second item in proposition 3.1, the pull-back extension R[p]
for all n, n ′ ∈ M ′ , x ∈ P, r ∈ R subject to the constraints
) of item 3 in proposition 3.1, satisfies all the requirements needed to guarantee that (R[p] 
Indeed, we need a notion which is slightly more subtle. Recall that our purpose is to define gerbes as being the quotient of a sub-class of all G → H-extensions by some relation. We can now be more precise, and define, given a Lie groupoid B ⇒ B 0 , a G → H-extension We define the pull-back of those. 
Remark 3.4. The previous definition used implicitly the existence of a natural isomor- 
Remark 3.5. As mentioned in Remark 2.8, and as pointed to us by the referee, a G → H bundle over a Lie groupoid B in the sense of [11] will give in general a G → H-extension, but of a Lie groupoid G which is the pull-back of B through some surjective submersion onto the base manifold B 0 of B. This can be seen by using the fact that a morphism of 2-groupoid from a Lie groupoid G to the crossed module G → H (seen as a Lie 2-group) is in fact a simplicial map from the simplicial tower of G to the simplicial tower of G → H.
In turn, such a simplicial map is determined by a map ϕ 1 : G → H and a map from compatible pairs
The maps ϕ 1 and ϕ 2 give a structure of Lie groupoid extension by taking for H-principal bundle the set P = M × H (with M the base manifold of G) and R = G × G. The action of R = G × G on P = M × H is then given by:
for all g ∈ G, h ∈ H, γ ∈ G with s(γ) = n, t(γ) = m, while the product of R = G × G is Example 3.8. Every Lie groupoid G → H-extension over a Lie groupoid is Morita equivalent to its pull back with respect to a (generalized) surjective submersion.
We can not say, strictly speaking, that Morita equivalence of G → H-extensions over a given Lie groupoid B ⇒ B 0 is an equivalence relation because G → H-extensions over B ⇒ B 0 do not form a set. However, the axioms of equivalence relations remain satisfied, as shown in the next proposition Proposition 3.9. Let B ⇒ B 0 be a Lie groupoid. This proposition allows one to give, at last, the following definition. To justify this definition, we shall in subsection 3.2 show that, when the Lie groupoid B ⇒ B 0 is simply a manifold Lie groupoid B ⇒ B 0 , G → H-gerbe are precisely the same thing as G → H-valued non-Abelian 1-cohomology.
The manifold case: G → H-gerbes as non-Abelian 1-cohomology
The notion of G → H non-Abelian 1-cohomology w.r.t. a given open covering was introduced in section 2.2 . As usual, G → H non-Abelian 1-cohomology is obtained by inductive limits of those. More precisely, we proceed as follows. By a refinement of an open cover U = (U i ) i∈I , we mean a pair (V, σ) made of an open cover V = (V j ) j∈J together with a map σ : J → I such that V j ⊂ U σ(j) for all j ∈ J. Notice that σ induces a map, again denoted by σ, from k,l∈J V kl to i,j∈I U ij (resp. k,l,m∈J V klm to i,j,k∈I U ijk ), obtained by mapping x kl ∈ V kl to x σ(k)σ(l) ∈ U σ(k)σ(l) (using the notations of section 1.1). By the pullback of a non-
Lemma 3.11. Let (V, σ) be a refinement of U . The pull-back of a G → H-valued nonAbelian 1-cocycle w.r.t. U is a G → H-valued non-Abelian 1-cocycle w.r.t V. Moreover, two G → H-valued non-Abelian 1-cocycles that differ by a coboundary have pull-back that differ by a coboundary again.
We now identify two G → H-valued non-Abelian 1-cocycles (λ, g) and (λ ′ , g ′ ), defined on covering U and U ′ of N respectively, if there exists a common refinement of both U and U ′ such that the pull-back to that refinement of (λ, g) and (λ ′ , g ′ ) differ by a coboundary. We denote by H 1 (G → H) the set henceforth obtained and we call this set the G → H-valued non-Abelian 1-cohomology on N . A priori, H 1 (G → H) has no group structure.
We can now state the main result of this section.
Theorem 3.12. Let N be a manifold. There is a one-to-one correspondence between:
The proof of the theorem requires two lemmas. For the first one, recall from proposition 2.14 that, given an open covering U of N , there is a one-to-one correspondence between non-Abelian 1-cocycles and adapted extensions of the Čech groupoid N [U ].
Lemma 3.13. Let (V, σ) be a refinement of U and (λ, g) be a non-Abelian 1-cocycle w.r.t. U . Then the adapted Lie groupoid G → H-extension associated to the pull-back of the non-Abelian 1-cocycle (λ, g) is isomorphic (as a G → H-extension) to the pull-back of the adapted Lie groupoid G → H-extension associated to (λ, g). This can be expressed as the commutativity (up to a a canonical isomorphism) of the diagram:
and the map
is an isomorphism between the pull-back of i∈I U i × H through σ and j∈J V j × H. We leave it to reader to prove that (ψ, ψ ′ , id H ) is an isomorphism of Lie groupoid G → Hextensions.
The next lemma shall also have its importance. The reader can replace the Lie groupoid B ⇒ B 0 by N ⇒ N for the sake of simplicity, since we shall only use the lemma in that case.
Lemma 3.14.
1. τ is a generalized surjective submersion for both Lie groupoids R ⇒ M and
3. This Lie groupoid G → H-extension is Morita equivalent (over the identity of B ⇒
Proof. We wish to show that the map ξ : We now prove theorem 3.12.
Proof. According to the first item of proposition 2.14, to an arbitrary G → H-valued nonAbelian 1-cocycle (λ, g) with respect to an arbitrary open cover U corresponds an adapted Lie groupoid G → H-extension (which is by construction a Lie groupoid G → H-extension above the Lie groupoid N ⇒ N ).
This assignment goes to the quotient to yield an assignment from G → H-valued nonAbelian 1-cohomology on N to G → H-gerbes over N ⇒ N . This follows from the fact that the adapted Lie groupoid G → H-extensions associated to a G → H-valued non-Abelian 1-cocycle and a pull-back of it are Morita equivalent over the identity of N ⇒ N by Lemma 3.13. Also, by proposition 2.17, the adapted extensions associated to two G → H-valued non-Abelian 1-cocycles that differ by a coboundary are isomorphic, hence Morita equivalent over the identity of N ⇒ N by example 3.7. Hence, the adapted Lie groupoid G → H-extensions associated to two G → H-valued non-Abelian 1-cocycles that define the same element in cohomology are Morita equivalent over the identity of N ⇒ N , yielding a well-defined map from G → H-valued non-Abelian 1-cohomology on N to G → H-gerbes over N ⇒ N , that we denote by Ξ.
We first check that Ξ is surjective. Let (q, R φ → N [q], P → M, χ) be an arbitrary Lie groupoid G → H-extension over N ⇒ N . There exists an open cover U = (U i ) i∈I of N such that q : M → N admits local sections σ i : U i → M for all i ∈ I, which, altogether, define a map σ : i∈I U i → M . By lemma 3.14, (q, R φ → N [q], P → M, χ) is Morita equivalent over the identity of N ⇒ N to its pull-back with respect to σ. The pullback being a Lie groupoid G → H-extension of the Čech groupoid is, by proposition 2.19, isomorphic (hence Morita equivalent by example 3.7) to an adapted one. Hence (q, R φ → N [q], P → M, χ) is Morita equivalent to an adapted Lie groupoid G → Hextension, which, by proposition 2.14, comes from some non-Abelian 1-cocycle. This proves that the assignment Ξ is surjective. and to B ′ 0 respectively, and Φ a Lie groupoid isomorphism over the identity of T between B[f ] ⇒ T and B ′ [g] ⇒ T . (Alternatively, Morita equivalence may be defined with the help of the notion of bi-modules, a description which happens to be equivalent to the previous one, see [4] .) Morita equivalent Lie groupoids often share similar properties, in particular which regards to cohomology. The next theorem shows that they also have the same gerbes over them. where b ′ ∈ B is given by Φ(t 1 , b, t 2 ) = (t 1 , b ′ , t 2 ). By construction, ((m 1 , t 1 ), b ′ , (m 2 , t 2 )) is in B ′ [g • β], and it is routine to check that Φ ′ is an isomorphism of Lie groupoids.
We have therefore assigned a Lie groupoid G → H-extension over B ′ ⇒ B ′ 0 to a Lie groupoid G → H-extension over B ⇒ B 0 , as intended. In picture:
